We classify newforms with rational Fourier coefficients and complex multiplication for fixed weight up to twisting. Under the extended Riemann hypothesis for odd real Dirichlet characters, these newforms are finite in number. We produce tables for weights 3 and 4, where finiteness holds unconditionally.
Introduction
This paper grew out of the wish to understand and eventually determine the modular forms which could possibly be associated to singular K3 surfaces over Q. The term "singular" refers to the maximal Picard number ̺ = 20. Hence the transcendental lattice TX of a singular K3 surface X has rank two, giving rise to a two-dimensional Galois representation. By a theorem of Livné [L] , any singular K3 surface over Q is modular, with the associated modular form of weight 3. Then we can ask which newforms occur. Our original motivation was to determine all newforms of weight 3 with rational coefficients, that is, all possibly occurring newforms. Up to twisting, we will produce a finite list in Table 1 .
All the ideas involved in our analysis can be applied to newforms of general weight which have rational coefficients and CM. Hence we will treat this question in the most possible generality. A guiding and illustrating example is provided by the newforms of weight 2 with rational Fourier coefficients and CM. Since these correspond to elliptic curves over Q with CM, the finiteness result is guaranteed by the classical theory of elliptic curves with CM, and in particular, by class field theory. Our main result is as follows: 2, 3, 4, 5, 6, 2 r + 1, 3 · 2 r + 1(r ∈ N) this holds unconditionally.
Theorem 2.1 Assume the extended Riemann hypothesis (ERH) for odd real Dirichlet characters. Then there are only finitely many CM newforms with rational coefficients for fixed weight up to twisting. For weights
The paper is organised as follows: First we recall some of the basic theory of modular forms and Hecke characters (Sect. 1). Then we state our results concerning the finiteness and shape of CM newforms with rational coefficients for fixed weight (Sect. 2). The subsequent sections give a proof of the results. We conclude the paper by an explicit description of CM newforms of weight 3 and 4 with rational coefficients (Sect. 7, 8) . In particular, this will answer the motivating question. Finally, we comment on recent progress on the problem of geometric realisations of CM newforms with rational coefficients. Here we also return to singular K3 surfaces.
Modular forms and Hecke characters
In this section we recall some facts about modular forms and sketch the connection between eigenforms with complex multiplication (CM) and Hecke characters. The fact that a Hecke character gives rise to a modular form goes back to Hecke. On the other hand, Ribet showed that any newform with CM comes from a Hecke character (Thm. 1.1). For details, the reader is referred to the paper of Ribet [R] .
We are concerned with newforms in the space of (elliptic) cusp forms S k (Γ0(N ), ε). Here, we fix an integral weight k > 1, the level N ∈ N and the nebentypus, a character ε modulo N with ε(−1) = (−1) k . A cusp form has a Fourier expansion at i∞
anq n , where q = e 2πiτ .
A normalised newform f can be characterised by the minimality of its level and the property that its Mellin transform L(f, s) possesses an Euler product expansion
Consider the finite extension of Q which is generated by the set of Fourier coefficients {ap} of a newform f . This field is well-known to be real if and only if the nebentypus ε is either trivial or quadratic with ε(p)ap = ap; otherwise it is a CM-field.
Here, we write the twist
Since a CM-character is neccessarily quadratic, we will also refer to CM by the corresponding quadratic field K. (ii) If the weight k is odd, then f has CM by its nebentypus ε. In particular, ε is quadratic.
Definition 1.3 (Hecke)
Let m be an ideal of K and l ∈ N. A Hecke character ψ of K modulo m with ∞-type l is a homomorphism on the group of fractional ideals of K which are prime to m, ψ : Strictly speaking, we should refer to multiplicative congruence in this context. To simplify notation, we shall omit this in the following and also tacitly extend ψ by 0 for all fractional ideals of K which are not prime to m.
3
The connection with modular forms occurs through the L-series of ψ. Denote the norm homomorphism of the Galois extension K/Q by N :
Then the inverse Mellin transform f ψ of L(ψ, s) is known to be a Hecke eigenform:
We introduce the following notation: Let −∆K be the discriminant of K and χK the associated quadratic character of conductor ∆K . Denote M = N (m) and consider the Dirichlet character η Z mod M which is given by
Theorem 1.4 (Hecke, Shimura) f ψ is a Hecke eigenform of weight l + 1, level ∆K M and nebentypus character χKη Z :
is a newform (of level ∆K M ) if and only if m is the conductor of ψ.
By construction, the eigenform f ψ has CM by K (or equivalently χK). From Corollary 1.2, we obtain the following restrictions on the nebentypus ε = χK η Z :
Assume that the newform f ψ has real coefficients. Then the following conditions hold:
(ii) If l is even, then ε = χK and hence η Z = 1.
We say that a Hecke character ψ has real (or rational) coefficients, if the corresponding eigenform f ψ has.
Remark 1.6
The first statement of Corollary 1.5 can be strengthened in two special cases as follows: If ψ is a Hecke character of Q( √ −1) or Q( √ −2) with real coefficients and odd ∞-type, then
If we twist f ψ by a Dirichlet character φ, this corresponds to twisting ψ by φ • N :
In general, the coefficients stay real only if φ is quadratic. If K = Q( √ −1) or Q( √ −3), we can twist ψ also by quartic resp. sextic characters.
Formulation of the results
In this section we formulate our main result for CM newforms (Thm. 2.1). To prove this, we translate the statement to Hecke characters (Thm. 2.3). Due to work of Weinberger, Thm. 2.3 follows from a classification of Hecke characters (Thm. 2.4). The unconditional part also relies on work by Heath-Brown. The proof of Thm. 2.4 will be the subject of the next three sections. 
As a consequence, Theorem 2.1 is equivalent to We will pay special attention to unconditional cases in sections 7 and 8 where we list all known CM newforms of weight 3 and 4 with rational coefficients up to twisting. This will answer our motivating question which originated from singular K3 surfaces over Q.
The proof of Theorem 2.4 is organised as follows: Denote the map of Theorem 2.4, which sends a Hecke character to its CM-field, by j: j :
Hecke characters with ∞-type l and rational coefficients up to twisting
Then Theorem 2.4 states that j is well-defined (i.e. all CM-fields occurring have exponent eK | l) and bijective. This will be established as follows:
In the next section, we use an argument of Serre to check that j is well-defined (Proposition 3.1). Then, section 4 gives the proof of the surjectivity of j (Corollary 4.2). Using elementary genus theory, we will also achieve a first step towards the injectivity of j (Lemma 4.5). Finally, the proof of the injectivity of j will be sketched in section 5.
Remark 2.5 Theorem 2.4 can be used to determine a CM newform with rational coefficients from very few explicit data. Given the bad primes, it suffices to check a small number of primes to deduce the precise form. For instance this metod is used in [S3].
3 j is well-defined
In this section, we will prove that j is well-defined. Since j is consistent with twisting, the following proposition provides an equivalent formulation. It goes back to an argument of Serre in [L, Rem. 1.8]:
Proposition 3.1 Let K be an imaginary quadratic field. Let ψ be a Hecke character of K with rational coefficients and ∞-type l. Then eK | l.
For the proof of the proposition, let m denote the conductor of ψ and G = (OK /m) * . We define the character
Formally, the definition coincides with that of η Z , the character describing the operation of ψ on Z/M . It follows from Corollary 1.5 that η is determined on
Corollary 3.2
If ψ has real coefficients and ∞-type l, then
Another essential ingredient for the proof of Proposition 3.1 is provided by the next Proof: Since G is finite, η has image some roots of unity. In particular, these are algebraic integers. On the other hand, η has values in K by Lemma 2.2. 2
Corollary 3.4 Let ψ be a Hecke character of K with rational coefficients and ∞-type l. Then, for any α ∈ OK coprime to the conductor m,
We can now prove Proposition 3.1: Let a be an ideal of OK with order n in Cl(OK ), i.e. a n = α OK for some α ∈ OK . If a is prime to m, then Corollary 3.4 gives
Since both ψ(a) OK and α OK are principal ideals, n has to divide l by the minimality of the order. This completes the proof of Proposition 3.1. 2
The following corollary of Proposition 3.1 is a consequence of genus theory:
If there is a Hecke character of K with rational coefficients and ∞-type l, then either ∆K is prime (with ∆K ≡ 3 mod 4) or ∆K = 4 or 8.
The surjectivity of j
In this section, we prove the surjectivity of j by constructing canonical Hecke characters for each imaginary quadratic field in question. As a first step towards the injectivity of j, we then show that these canonical Hecke characters are identified by twisting.
Lemma 4.1 Let K be an imaginary quadratic field and l a multiple of eK. Then there is a Hecke character of K with rational coefficients and ∞-type l.
Proof: If ∆K = 3, 4, 8 (or any other class number 1 discriminant), we can use the Hecke character associated to the elliptic curve with CM by OK . Then consider its l-th power.
In any other case, we construct Hecke characters with trivial conductor if l is even, resp. with conductor m = ( √ −∆) if l is odd as follows: On the principal ideals of OK, we define ψ by
For the non-principal ideals, we consider a factorisation of the abelian group Cl(OK ) into cyclic groups
Then ψ is completely determined by its operation on a set of generators a1, . . . , ar (chosen coprime to the conductor). Let a n i i = αi OK for some αi ∈ OK . We obtain
In case ni is odd, this uniquely determines the root
If ni is even, there is a choice of sign in the image of ai under ψ:
Fix a sign for each generator ai. This gives rise to a Hecke character with rational coefficients and conductor as claimed. We conclude this section with a first step towards the injectivity of j. By Remark 4.4, proving Prop. 5.1 amounts to exhibiting a twist with the right conductor. Essentially we have to twist away the unramified primes. We will work with the character η which was defined in section 3. This suffices since twisting ψ corresponds to twisting η:
The twisting in Prop. 5.1 will be exhibited primewise. For every prime p dividing the conductor m, we perform a twist such that the p-parts of the conductor of the twist and of the canonical Hecke characters agree. We write p (andp) for the primes of OK and p for the corresponding primes of Z.
If a prime p divides m, we factor m = m ′ p ep or m = m ′ p eppep , such that m ′ is prime to p. Then we restrict η to the multiplicative subgroup
We denote the restrictionsη = η|Ω and Ω Z = Ω ∩ G Z .
Lemma 5.3
In the above notation,η
Proof: If the ∞-type l of ψ is even or p is ramified, the statement follows from Corollary 3.2. If l is odd, then we know that
Recall that in this setting ∆K is either an odd prime or 4 or 8 (Cor. 3.5). In the first case, we can use the property ( √ −∆K) | m from Corollary 1.5. If p is unramified, this gives ( (4) now gives the claim. For ∆K = 4 or 8, the same argument can be applied using Remark 1.6. 2
By the Chinese remainder theorem,
The further factorisation of this abelian group will allow us to determineη explicitly. Then we will exhibit the corresponding twist which produces the right conductor. This will also give us the possible values for the exponents ep. We collect them in Proposition 6.1.
Here we will only consider the case where p > 2 and O * K = {±1}. The other cases, p = 2 or ∆K = 3 or 4, require slightly more attention since there are additional characters to be considered. However, no essential new ideas are needed. The details can be found in [S1] . To achieve Prop. 5.1 in the above case, we apply the following lemma which makes the twisting explicit (cf. 
p is inert in K
In the inert case,η operates on the quotient Ω ∼ = (OK /p e ) * where e = ep. As an abelian group, it has a factorisation
whereΩ is a group of cardinality p 2(e−1) . In particular, this cardinality is odd. Henceη as a quadratic character operates trivially onΩ. This gives e ≤ 1.
We deduce that Ω = (OK/p) * = C p 2 −1 with a non-trivial action of the quadratic character η. Let χp denote the unique quadratic Dirichlet character of conductor p. Then χp • N defines another non-trivial quadratic character on the cyclic group Ω. Hence the two charactersη and χp • N coincide. 2
p splits in K
In the split case, we write p = pp such that m = m ′ p eppep . Hence
The respective quotient maps Ω → Ωi shall be denoted by [·] i. Since p =p, the summands are isomorphic to (Z/p ep ) * and (Z/p ep ) * , respectively.
We writeη =η1 ·η2 with the charactersηi operating on Ωi. We can view them as acting on (Z/p e ) * for the respective exponent e. With this notion, our next result is that the characters are conjugate:η 1 =η2.
This is a direct consequence of the equality from Lemma 5.3
To deduce the result, we only need that [a]1 ≡ [a]2 mod p min(ep,ep) for all a ∈ Ω Z . In particular, the conjugacy (5) implies that
Our next claim is that the charactersηi are in fact quadratic; then, by conjugatioñ η1 =η2.
To prove this, let us assume on the contrary that the characterη1 is not quadratic. We shall establish a contradiction. By assumption, there is an element α ∈ Ω withη1([α]1) ∈ {±1}. Let np, n m ′ be the respective orders of p and m ′ in the class group Cl(K), so that p np = (π) and m ′ n m ′ = (µ) for some π, µ ∈ OK . We then consider the elements
Taking k in the range of 0, . . . , p e − 1, the residue classes [α + kπµ]2 run through the whole of Z/p e by definition. Hence there is a k0 such that [α + k0πµ]2 = [1]2. This gives the required contradiction, sinceη is quadratic by Lemma 3.3:
Thus theηi are quadratic. This implies e ≤ 1, since
with the second factor of odd cardinality. In particular,ηi is a non-trivial quadratic character on F * p . Henceηi (i = 1, 2) coincides with χp, the unique quadratic Dirichlet character of conductor p.
This property implies the claimη = χp • N of Lemma 5.4. To see this, we note that [α]2 = [ᾱ]1 in F * p ; in particular, for α ∈ Ω Z , we can omit the subscript, regardless of the factor. For general α ∈ Ω we thereby obtaiñ
This completes the proof of Lemma 5.4 in the split case. 2
p ramifies in K
In the ramified case,η is a quadratic character on
whereΩ denotes a group of odd cardinality p e−1 . Hence again e ≤ 1. But then,
In consequence,η is uniquely determined by Lemma 5.3. This completes the proof of Lemma 5.4. Prop. 5.1 and thereby the injectivity of j and Thm. 2.4 follow. 2
Exponents
We have seen that any Hecke character with rational coefficients admits a twist which has the canonical conductor from Lemma 4.1. Since all canonical Hecke characters are equivalent under twisting, this proves Thm. 2.4. In this section, we collect the possible exponents of the conductor. We also put them in relation with results of Serre. Thm. 1.4 gives the corresponding statement for the level of the associated newform. The possible levels can be compared to results of Serre [Se, (4.8.8 ) & Applicationà (4.8.8) b)]. They agree with the maximal exponents for the conductor N = Q p ep of a modular integral two-dimensional Galois representation of the middle cohomology group of an odddimensional smooth projective variety over Q:
Note that Serre's bounds only apply to even weight, while our results only hold for CMforms, but of arbitrary weight.
The CM newforms of weight 3
In this section we will give all CM newforms of weight 3 with rational Fourier coefficients up to twisting (except for possibly one). By a theorem of Livné [L] , these constitute exactly the modular forms which can a priori appear as non-trivial factor L(TX , s) in the L-series of singular K3 surfaces over Q. Hence this section answers the question which was our original motivation. In particular, we deduce the Proof: The classifications by (ii) and (iv) coincide due to Theorem 2.4 which also gives the extra claim. Hence, the equivalence of (ii) and (iv) with (i) follows from [L, Thm. 1.3, Ex. 1.6]. Finally, (iii)⇔(iv) can be read off from Proposition 6.1. 2
For newforms of weight 3, we have to consider imaginary quadratic fields whose class group consists only of 2-torsion. These fields are related to Euler's idoneal numbers. They were also studied by Gauss. Weinberger showed that the list of 65 known fields is almost complete [W, Thm. 2] . More precisely, he stated that there is at most one imaginary quadratic field with exponent 2 and ∆K > 5460. He showed that this field would have ∆K > 2 · 10 11 . Subject to a Siegel-Landau condition on L-functions for odd real Dirichlet characters, which in particular would be a consequence of ERH, he proved that the known fields with ∆K ≤ 5460 constitute the complete list.
In this section, we will give a newform f = P n anq n of weight 3 with rational Fourier coefficients and CM by K for every known field K. The Fourier coefficients were calculated by a computer program after fixing a choice of sign in (2). In Table 1 , the first column lists the level N of the respective CM newforms. By Proposition 7.1, such a newform has CM by Q( √ −N ). This also gives its nebentypus. We then list the Fourier coefficients at the first 30 primes.
The CM newforms of weight 4
This section is concerned with CM newforms of weight 4 with rational Fourier coefficients. By Theorem 2.4 we consider imaginary quadratic fields whose class group is at most 3-torsion. The number of these fields is known to be finite. This goes back to Boyd and Kisilevski [B-K] , but can be also be found in Weinberger's article [W] . Since we have not found an explicit list, we searched for them with a straight forward computer program. Among the imaginary quadratic fields with ∆K ≤ 100000, we found 26 such fields.
For each such K, Table 2 lists a newform with CM by K, rational Fourier coefficients and minimal level N . This newform is unique unless K = Q( √ −2) where the twist by χ−1 has the same level. In the table, the level constitutes the first column and is expressed as N = M · ∆ 2 K . The Fourier coefficients at the first 25 primes follow. 5  7  11  13  17  19  23  29  31  37  41  43  47  53  7  -3  0  0  -7  -6  0  0  0  18  -54  0  -38  0  58  0  -6  8  -2  -2  0  0  14  0  2  -34  0  0  0  0  -46  14  0  0 
Geometric Realisations
Originally, we wanted to understand the modularity of singular K3 surfaces in terms of the associated newforms of weight 3. This has been addressed by Table 1 in section 7. The natural question now is which of these newforms actually occur in the L-series of some K3 surface over Q. We formulate this problem in general form:
Question 9.1 Which CM newforms with rational coefficients (and weight k) have geometric realisations, say in a smooth projective variety X over Q with h k−1,0 (X) = 1?
In other words we ask whether the Galois representation associated to a newform occurs as 2-dimensional motive of some smooth projective variety which is defined over Q. Note that the classical (k − 2)-fold fibre product of the universal elliptic curve with level N -structure which was fundamental to Deligne's construction of the associated Galois representation for a newform of weight k and level N , in general does not meet the given criterion.
What makes our situation special, is that we have very precise associated geometric objects, different from Deligne's fibre products. Namely, these objects are the elliptic curves with CM by the respective field K. By the classical theory of CM, this gives a positive answer to our question for weight k = 2. For higher weight, it is perhaps most natural to ask for geometric realisations in Calabi-Yau varieties over Q. For weight 3, i.e. dimension 2, this leads exactly to the singular K3 surfaces we started with.
At the point when this classification result for CM-forms was established, there were 35 forms known to correspond to singular K3 surfaces over Q. These included all forms for fields of class number 1 and 2 through Kummer surfaces of products of elliptic curves. Further forms were realised in extremal elliptic surfaces ([S2] , [B-M] ). In the meantime, N. Elkies and the author found singular K3 surfaces over Q for all 65 known imaginaryquadratic fields with class group exponent two. All twists are realised geometrically [E-S].
In case of CM newforms of weight 4 with rational coefficients, we ask for a corresponding (preferably rigid) Calabi-Yau threefold over Q. A rigid Calabi-Yau partner of the newform of level 9 from Table 2 was established by Werner with assistance of van Geemen [WvG] . For the forms of level 32, 49, and 256, Cynk and Meyer found non-rigid Calabi-Yau partners in [C-M] . Then Cynk and Hulek derived a generalised Kummer construction which realises all CM newforms of weight 4 and class number one [C-H] . Lately, this construction was combined with Weil restrictions by Cynk and the author [C-S] . This method produces non-rigid Calabi-Yau threefolds over Q for all CM newforms of weight 4 except for the last newform in Table 2 (which has class number 9).
For higher dimensions even less is known. Only recently, Cynk and Hulek exhibited a general approach [C-H] . One particular construction involves the n-fold product of the elliptic curve E with CM by the ring of integers in Q( √ −3). After dividing out E n by a certain finite group action, Cynk and Hulek derive a resolution of singularities X, which is Calabi-Yau and defined over Q. For n odd, this has middle cohomology group H n (X) = H n0 (X) ⊕ H 0n (X) which is two-dimensional. Its L-series comes from the Hecke character of Q( √ −3) in Lemma 4.1. If n is even, the corresponding statement can be established for the transcendental lattice T (X) ⊂ H n (X, Z).
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